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Introduction

All graphs are undirected, simple, and connected.
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Introduction

All graphs are undirected, simple, and connected.

@ The minimum leaf number ml( G) is the minimum number
of leaves (vertices of degree 1) of the spanning trees of G.

@ The minimum branch number s(G) is the minimum number
of branches (vertices of degree at least 3) of the spanning
trees of G.

@ Atree T is a k-tree if all vertices have degree at most k.

@ The minimum sum of degrees of k independent vertices of
G is denoted by 04 (G).
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Claw-free graphs

Let G be a connected claw-free graph of order n and let k be a
nonnegative integer.
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Claw-free graphs

Let G be a connected claw-free graph of order n and let k be a
nonnegative integer.

Theorem (Matthews-Sumner, Liu-Tian-Wu, 1985)

If 63(G) > n— 2, then G is traceable.
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Claw-free graphs

Let G be a connected claw-free graph of order n and let k be a
nonnegative integer.

Theorem (Matthews-Sumner, Liu-Tian-Wu, 1985)

If 63(G) > n— 2, then G is traceable.

Theorem (Gargano-Hammar-Hell-Stacho-Vaccaro, 2002)
If 6k13(G) > n— k — 2, then s(G) < k.
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Claw-free graphs

Let G be a connected claw-free graph of order n and let k be a
nonnegative integer.

Theorem (Matthews-Sumner, Liu-Tian-Wu, 1985)

If 63(G) > n— 2, then G is traceable.

Theorem (Gargano-Hammar-Hell-Stacho-Vaccaro, 2002)
If 6k13(G) > n— k — 2, then s(G) < k.

Theorem (Salamon, 2010)
If 5x11(G) > n — k, then ml(G) < k.
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Claw-free graphs

Let G be a connected claw-free graph of order n and let k be a
nonnegative integer.

Theorem (Matthews-Sumner, Liu-Tian-Wu, 1985)

If 63(G) > n— 2, then G is traceable.

Theorem (Gargano-Hammar-Hell-Stacho-Vaccaro, 2002)
If 6k13(G) > n— k — 2, then s(G) < k.

Theorem (Salamon, 2010)
If 5x11(G) > n — k, then ml(G) < k.

Theorem (Kano-Kyaw-Matsuda-Ozeki-Saito-Yamashita, 2012)

If 6x+1(G) > n— k, then G has a spanning 3-tree with at most k
leaves.
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A further generalization

Gabor Wiener Finding spanning trees with few leaves using DFS



A further generalization

DFS produces a spanning tree of G, called a DFS-tree, rooted
at some vertex r.
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A further generalization

DFS produces a spanning tree of G, called a DFS-tree, rooted
at some vertex r.

A leaf of a DFS-tree different from r is a d-leaf.
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A further generalization

DFS produces a spanning tree of G, called a DFS-tree, rooted
at some vertex r.

A leaf of a DFS-tree different from r is a d-leaf.

Theorem (W., 2016+)

Every connected claw-free graph G has a DFS-tree T, such
that no two of the d-leaves of T have a common neighbour.
Moreover, if v is not a cut vertex of G, then T can be chosen
such that it is rooted at v.
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A further generalization

DFS produces a spanning tree of G, called a DFS-tree, rooted
at some vertex r.

A leaf of a DFS-tree different from r is a d-leaf.

Theorem (W., 2016+)

Every connected claw-free graph G has a DFS-tree T, such
that no two of the d-leaves of T have a common neighbour.
Moreover, if v is not a cut vertex of G, then T can be chosen
such that it is rooted at v.

Theorem (Kano-Kyaw-Matsuda-Ozeki-Saito-Yamashita, 2012)

If 6x+1(G) > n— k, then G has a spanning 3-tree with at most k
leaves.

Gabor Wiener Finding spanning trees with few leaves using DFS



Sketch of proof
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Sketch of proof

@ Suppose dk11(G) > n— k.
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Sketch of proof

@ Suppose dk11(G) > n— k.
@ Let T be a DFS-tree guaranteed by the theorem.
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Sketch of proof

@ Suppose dk11(G) > n— k.
@ Let T be a DFS-tree guaranteed by the theorem.

@ T is a 3-tree.
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Sketch of proof

@ Suppose dk11(G) > n— k.
@ Let T be a DFS-tree guaranteed by the theorem.
@ T is a 3-tree.

@ The set of d-leaves D of T is an independent set,
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Sketch of proof

@ Suppose dk11(G) > n— k.

@ Let T be a DFS-tree guaranteed by the theorem.
@ T is a 3-tree.

@ The set of d-leaves D of T is an independent set,

@ and all vertices in V(G) — D have < 1 neighbour in D.
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Sketch of proof

@ Suppose dk11(G) > n— k.

@ Let T be a DFS-tree guaranteed by the theorem.
@ T is a 3-tree.

@ The set of d-leaves D of T is an independent set,

@ and all vertices in V(G) — D have < 1 neighbour in D.

@ Thus » deg(v) < n-—|D|.
veD
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Sketch of proof

@ Suppose dk11(G) > n— k.

@ Let T be a DFS-tree guaranteed by the theorem.
@ T is a 3-tree.

@ The set of d-leaves D of T is an independent set,

@ and all vertices in V(G) — D have < 1 neighbour in D.

@ Thus » deg(v) < n-—|D|.
veD

@ Hence |D| < k, thatis T has < k + 1 leaves.
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Sketch of proof

@ Suppose dk11(G) > n— k.

@ Let T be a DFS-tree guaranteed by the theorem.
@ T is a 3-tree.

@ The set of d-leaves D of T is an independent set,

@ and all vertices in V(G) — D have < 1 neighbour in D.

@ Thus » deg(v) < n-—|D|.
veD

@ Hence |D| < k, thatis T has < k + 1 leaves.

@ A local improvement step leads to 77, a spanning 3-tree
with < k leaves.
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Sketch of proof of the theorem

Theorem (W., 2016+)

Every connected claw-free graph G has a DFS-tree T, such
that no two of the d-leaves of T have a common neighbour.
Moreover, if v is not a cut vertex of G, then T can be chosen
such that it is rooted at v.
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Sketch of proof of the theorem

Theorem (W., 2016+)

Every connected claw-free graph G has a DFS-tree T, such
that no two of the d-leaves of T have a common neighbour.
Moreover, if v is not a cut vertex of G, then T can be chosen
such that it is rooted at v.

@ Let T be a DFS-tree of G with a minimum number of
d-leaves
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Sketch of proof of the theorem

Theorem (W., 2016+)

Every connected claw-free graph G has a DFS-tree T, such
that no two of the d-leaves of T have a common neighbour.
Moreover, if v is not a cut vertex of G, then T can be chosen
such that it is rooted at v.

@ Let T be a DFS-tree of G with a minimum number of
d-leaves

@ and among these with a minimum length sum of d-leaves
(length of a leaf ¢: length of the path between ¢ and the
closest branchto Zin T).
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Sketch of proof of the theorem

Theorem (W., 2016+)

Every connected claw-free graph G has a DFS-tree T, such
that no two of the d-leaves of T have a common neighbour.
Moreover, if v is not a cut vertex of G, then T can be chosen
such that it is rooted at v.

@ Let T be a DFS-tree of G with a minimum number of
d-leaves

@ and among these with a minimum length sum of d-leaves
(length of a leaf ¢: length of the path between ¢ and the
closest branchto Zin T).

@ Then T possess the desired property.
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Sketch of proof of the theorem
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Sketch of proof of the theorem

@ Suppose there are d-leaves a and b, s. t. they have a
common neighbour x.
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Sketch of proof of the theorem

@ Suppose there are d-leaves a and b, s. t. they have a
common neighbour x.

@ Then x is a common ancestor of a and b.
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Sketch of proof of the theorem

@ Suppose there are d-leaves a and b, s. t. they have a
common neighbour x.

@ Then x is a common ancestor of a and b.

@ If x = r then let x’ be the parent of x and consider
G[{x,x,a,b}].
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Sketch of proof of the theorem

@ Suppose there are d-leaves a and b, s. t. they have a
common neighbour x.

@ Then x is a common ancestor of a and b.

@ If x = r then let x’ be the parent of x and consider
G[{x,x,a,b}].

@ We obtain that (a,x’) € E(G) or (b, x") € E(G),
contradicting the choice of T.
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Sketch of proof of the theorem

@ Suppose there are d-leaves a and b, s. t. they have a
common neighbour x.

@ Then x is a common ancestor of a and b.

@ If x = r then let x’ be the parent of x and consider
G[{x,x,a,b}].

@ We obtain that (a,x’) € E(G) or (b, x") € E(G),
contradicting the choice of T.

@ If x = r and x has 1 child, let the child be x’ and consider
G[{x,x’, a, b}].
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Sketch of proof of the theorem

@ Suppose there are d-leaves a and b, s. t. they have a
common neighbour x.

@ Then x is a common ancestor of a and b.

@ If x = r then let x’ be the parent of x and consider
G[{x,x,a,b}].

@ We obtain that (a,x’) € E(G) or (b, x") € E(G),
contradicting the choice of T.

@ If x = r and x has 1 child, let the child be x’ and consider
G[{x,x’, a, b}].

@ If x = r and x has at least 2 children, let us place a above r
inT.
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Another corollary
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Another corollary

Corollary (W., 2016+)

Let G be a connected claw-free graph of diameter at most 2
and let v be a non-cut vertex of G. Then there exists a
hamiltonian path of G starting at v.
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Another corollary

Corollary (W., 2016+)

Let G be a connected claw-free graph of diameter at most 2
and let v be a non-cut vertex of G. Then there exists a
hamiltonian path of G starting at v.

Theorem (Ainouche-Broersma-Veldman, 1990)

Every connected claw-free graph of diameter at most 2 is
traceable.
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Open problems

Let G be an m-connected claw-free graph of order n and let k
be a nonnegative integer.
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Open problems

Let G be an m-connected claw-free graph of order n and let k
be a nonnegative integer.

Conjecture (Kano-Kyaw-Matsuda-Ozeki-Saito-Yamashita,2012)

If 5x11(G) > n — k, then G has a spanning 3-tree with at most
k — m+ 1 leaves.
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Open problems

Let G be an m-connected claw-free graph of order n and let k
be a nonnegative integer.

Conjecture (Kano-Kyaw-Matsuda-Ozeki-Saito-Yamashita,2012)

If 5x11(G) > n — k, then G has a spanning 3-tree with at most
k — m+ 1 leaves.

Theorem (Ainouche-Broersma-Veldman, 1990)
If «(G?) < m+ 1, then G is traceable.

If «(G?) < m+ k — 1, then ml(G) < k.
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Open problems

Conjecture (Kano-Kyaw-Matsuda-Ozeki-Saito-Yamashita,2012)

If x+1(G) > n— k, then G has a spanning 3-tree with at most
k — m+ 1 leaves.

Gabor Wiener Finding spanning trees with few leaves using DFS



Open problems

Conjecture (Kano-Kyaw-Matsuda-Ozeki-Saito-Yamashita,2012)

If x+1(G) > n— k, then G has a spanning 3-tree with at most
k — m+ 1 leaves.

If «(G?) < m+ k — 1, then ml(G) < k.
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Open problems

Conjecture (Kano-Kyaw-Matsuda-Ozeki-Saito-Yamashita,2012)

If x+1(G) > n— k, then G has a spanning 3-tree with at most
k — m+ 1 leaves.

If «(G?) < m+ k — 1, then ml(G) < k.

oki1(G) > n—k = a(Gz)gk = ml(G) <k-—m+1.
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Last slide before lunch

Thank you!
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